A highlight of the Conference held at the University of Nebraska-Lincoln in May 2000 was the proof of the decidability of the complexity of nite semigroups and automata, presented by Rhodes 78]. This problem had been open for more than thirty years and had inspired many active branches of semigroup theory.
a certain avor of nite semigroup theory. Moreover, with respect to V, this semigroup behaves somewhat like the free object of a variety (in Birkho 's sense).
As we will see, the applications of this approach concern mostly the study of the lattice Ps of pseudovarieties of nite semigroups: either the determination of speci c sublattices (e.g. the lattice of the semidirectly closed aperiodic pseudovarieties; or the lattice of sub-pseudovarieties of certain interesting pseudovarieties), or the study of certain structuring operations on Ps, including many decomposition and decidability problems such as the Rhodes complexity problem.
There are also many important connections with the theory of formal languages, via Eilenberg's variety theorem which relates pseudovarieties of nite semigroups and certain classes of recognizable languages closed under natural operations. In fact, the connections with language theory are twoway, as languages and automata provide very useful tools in certain proofs.
To mention the names of the foremost contributors to the development of pro nite methods in semigroup theory, we can start with Jorge Almeida, whose pioneering work has provided the main impetus since the late 1980s. In the more recent period, Benjamin Steinberg has made an exceptional contribution, in part in collaboration with Almeida. Their work is very often quoted in this paper. The extended bibliography given below shows other important contributions by Azevedo, Costa, Delgado, Pin, Teixeira, Volkov, Weil and Zeitoun.
After we present the bases of the theory in Section 1, we give a few structural results in Section 2, both to have instructive examples and because some of the structure theorems we discuss served as an inspiration in the elaboration of more general results. In Section 3, we survey the contribution of pro nite methods to the pointlike problem, which gives us an opportunity to study in detail a type of compactness argument often used in the theory. Sections 4 and 5 are devoted to the operation of the Mal'cev product and the semidirect product on the lattice Ps, or rather to the applications of the theory of relatively free pro nite semigroups and of pseudo-identities to this study. The precise de nition of the complexity of a nite semigroup can be found in Section 5. The case of products with pseudovarieties of groups, which gives rise to a number of speci c problems and speci c connections with the vast domain of pro nite group theory, is reviewed in Section 6.
Finally, we concentrate more at length in Section 7 on the recent and very subtle developments with respect to the semidirect product operation on Ps, and especially on the notions of hyperdecidable, reducible and tame pseudovarieties and their application to the decidability of iterated semidirect products. These notions are crucial to the understanding of the statement and the proof of the results by which McCammond and Rhodes have been able to complete the proof of the decidability of the complexity of a nite semigroup. The last section proposes, in lieu of a conclusion, a brief discussion of some extensions of the results presented herein.
To simplify the exposition, we have chosen to express most of the results in terms of pseudovarieties of semigroups. Analogous results also hold for pseudovarieties of monoids, and in dealing with examples, we sometimes skip from semigroup land to monoid land at short notice. This should not trouble the readers. Interesting extensions also exist in the realm of ordered semigroups and monoids, with important applications: these are brie y reviewed in the last section.
Pseudovarieties and pseudo-identities
The general references on pseudovarieties are the books of Eilenberg 39] and Pin 61] , and on pseudo-identities, the book of Almeida 5 ].
Varieties and pseudovarieties
Recall that a variety is a class of algebras (here, for the most part, semigroups or monoids) closed under taking sub-algebras, homomorphic images (or quotients) and direct products. We assume that the reader is familiar with the basic concepts underlying the statement of Birkho 's theorem on varieties, notably the concept of free object of a variety over a set 32]. We denote by F A (V) the free object of the variety V on the alphabet A. Here we call alphabet any non-empty set.
Birkho 's theorem states that varieties are exactly the so-called equational classes of algebras, that is, the classes which can be de ned by a set of identities. In the case of semigroups, this means that each variety is described by a set of formal equalities u = v where u and v are elements of a free semigroup. If is a set of identities, we denote by ] the variety de ned by these identities.
For instance, xy = yx] is the variety of commutative semigroups. In order to handle varieties of monoids, we also allow the use of the empty word. For instance, if n is a xed integer, x n = 1] is the variety of monoids consisting of the groups of exponent n. The classi cation of semigroups in varieties gives rise to classical problems, like the decidability of the word problem in some F A (V) (do two words represent the same element?), the identity problem (does an identity follow from a given nite set of identities?), the nite basis problem (can the variety V be de ned by a nite set of identities?), etc.
Apart from the trivial variety, no variety consists only of nite algebras, because of the possibility of taking arbitrary direct products. The analogue of varieties for the classi cation of nite algebras, is the notion of pseudovariety: a pseudovariety is a class of nite algebras closed under taking subalgebras, homomorphic images and nite direct products. In particular, when we use the word pseudovariety we always mean, but do not always write, a class of nite algebras.
Equational classes of nite semigroups (i.e. the nite elements of varieties) are clearly pseudovarieties. To distinguish varieties and pseudovarieties, we denote by ] ] the class of nite algebras satisfying the identities in . For instance Com = xy = yx] ] is the pseudovariety of ( nite) commutative semigroups, and B = x 2 = x] ] is the pseudovariety of ( nite) idempotent semigroups.
However, most interesting pseudovarieties are not equational. What's more, they often satisfy no non-trivial identity. Important examples are: S, the pseudovariety of all ( nite) semigroups; M, the pseudovariety of all monoids; A, the pseudovariety of aperiodic semigroups (in which every subgroup is trivial); N, the pseudovariety of nilpotent semigroups (in which every long enough product is 0); J, the pseudovariety of J -trivial semigroups (in which every principal 2-sided ideal has a single generator). Groups also form a pseudovariety of monoids: every submonoid of a nite group is again a group, in contrast with the situation prevailing in arbitrary cardinality. This pseudovariety is written G. We denote by G p , G sol and G nil the pseudovarieties of p-groups, solvable groups and nilpotent groups.
None of these pseudovarieties satis es a non-trivial identity. Indeed, if u and v are distinct words in a free semigroup (or monoid), there exists a morphism into an element of A, N, J, G, G p , etc, which maps u and v to distinct elements; which is another way of saying that the free semigroup (or monoid) is residually A, N, J, G, G p , etc. For N, it su ces to take the quotient of the free semigroup by the ideal of all words of length greater than that of u and v. The natural projection onto that semigroup maps u and v onto themselves, and hence separates them. Thus the free semigroup is residually N, and also residually V for each pseudovariety V containing N (e.g. A, J).
For groups, the classical argument is the following: consider the set P of the pre xes of u and v, that is, the (possibly empty) words w such that u or v can be written in the form ww 0 . For each letter a, let (a) be the partial one-to-one function from P to P which maps w 2 P to wa if wa 2 P.
Next, let (a) be a permutation of P extending (a). The mapping a 7 ! (a) induces a morphism from the free semigroup into the permutation group of P. It is easily veri ed that the image of the empty word 1 2 P by (u) (resp. (v)) is u (resp. v) itself. Thus (u) 6 = (v), completing the proof that the free group is residually G. For p-groups, the argument is more complex, and can be found for instance in 39, vol. B].
Eilenberg and Sch utzenberger rst proposed, in the 1970s, a framework to allow the description of pseudovarieties by identities. A semigroup S is said to ultimately satisfy a sequence of identities (u n = v n ) n 0 if it satis es almost all these identities (all but a nite number of them). It is rapidly seen that the class of nite semigroups which ultimately satisfy a given sequence of identities is a pseudovariety. Eilenberg and Sch utzenberger proved that the converse also holds 39, vol. B] (see also 61]).
Theorem 1.1 A class of nite algebras is a pseudovariety if and only if it is the class of algebras which ultimately satisfy a given sequence of identities.
For instance, G is ultimately de ned by the sequence (x n! = 1) n , since every nite group G satis es x n! = 1 for all n jGj. Similarly, G p is ultimately de ned by the sequence (x p n ) n .
It is also well-known 39, 61] that A is ultimately de ned by (x n+1 = x n ) n ; J is ultimately de ned by the sequence alternating the identities x n+1 = x n and (xy) n = (yx) n ; and N is ultimately de ned by the sequence alternating the identities x n y = x n and yx n = x n , which we can shorten to x n = 0.
Relatively free pro nite semigroups
It is not surprising that this idea of ultimate de nition of a pseudovariety by a sequence of identities, akin to a limit process, can be better expressed in a topological framework. The notions we present now, which lead to Reiterman's theorem on pseudovarieties and pseudo-identities (1982) do exactly that.
Several points of view can be adopted to handle limit processes for sequences of identities, that 
. The same topological semigroup can also be described as the pro-V completion of the free semigroup. Recall that a topological semigroup S is said to be pro nite if it is the projective limit of a collection of nite semigroups (which are implicitly assumed to be equipped with the discrete topology), see for instance 21] . This is equivalent to being compact and totally disconnected, or compact and zero-dimensional. The pro nite completion of a semigroup S is the projective limit of its nite quotients. Similarly, a semigroup is pro-V if it is a projective limit of elements of V, or equivalently, if it is pro nite and its nite continuous homomorphic images are in V. The pro-V completion of S is the projective limit of its quotients in V.
One can show thatF A (V) is the pro-V completion of A + , and that it is the free pro-V semigroup on A in the sense that it is characterized, up to homeomorphism, by the following universal property: if S is a pro-V semigroup and ': A ! S is a mapping (resp. ': A Another point of view which is frequently adopted in the literature, notably in Reiterman's paper 76] and in Almeida's work 5], is that of implicit operations.
Let A be an n-letter alphabet. The A-ary, or n-ary implicit operations over the pseudovariety V are the the A-ary operations de ned on all the elements of V, which can be added to the semigroup signature without losing morphisms. For instance, taking the inverse of an element is a unary operation, which is well de ned on each nite group, and for each (monoid) morphism ': G ! H between nite groups, '(g ?1 ) = '(g) ?1 for all g 2 G. Thus, the operation g 7 ! g ?1 is a unary implicit operation over the pseudovariety (of monoids) G. Clearly, the same operation is not well de ned on arbitrary nite monoids.
More formally, an A-ary implicit operation x is a collection x = (x S ) S , indexed by the elements of V, such that for each S 2 V, x S is a mapping from S A into S and for each morphism ': S ! T between elements of V, ' The set of explicit operations is written A V and it is dense in ( A V; d), justifying the notation. The homeomorphism result mentioned above states precisely that A V is a pro-V semigroup, the continuous morphism fromF A (V) into A (V) induced by mapping each letter a 2 A on the explicit operation a 2 A V is a homeomorphism, and the image of F A (V) in this homeomorphism is A V.
Some elements of free pro nite semigroups
The structural properties of the semigroupsF A (V) (or A V) are di cult to apprehend in general.
We will see speci c examples of such semigroups in Section 2. Here we discuss the properties of certain elements in free pro nite semigroups.
As we saw in Section 1.3, each element x 2F A (V) can be seen as an A-ary operation de ned on each nite semigroup S 2 V. But in general, this operation is not computable, in the sense that there does not exist an algorithm which, given an element S of V, produces a table for the operation x S . Indeed,F A (V) is uncountable in general, while there can be only countably many algorithms. It is a general property of compact semigroups that if x 2F A (V), the closed subsemigroup hxi generated by x contains a single idempotent, written x ! . This idempotent sits in the minimal ideal of hxi, a group, and we denote by x !?1 the inverse in that group of x ! x = x !+1 .
The notation x ! is classically used in nite semigroup theory 61]: if x is an element of a nite semigroup S, then x ! denotes the only idempotent power of x and one shows that x ! = x n! for each n jSj. These two uses of the !-power notation are not in contradiction: one veri es easily that if S is an element of V, ' is a continuous morphism fromF A (V) into S and x 2F A (V), then '(x ! ) = '(x) ! . In particular, if x is computable, then so is x ! .
This notation allows the compact description of a number of important pseudovarieties. For instance, nite groups are exactly the nite monoids in which x ! = 1 for each element x. Since in a nite semigroup, x ! is the ultimate value of the sequence x n! , this observation can be seen as shorthand for the ultimate de nition of G by a sequence of identities as in Section 1. However, not all pseudovarieties can be described this way. For instance, one can show that the pseudovarieties of p-groups, nilpotent groups or solvable groups cannot be de ned by a set of identities in the signature . However, they can be described by using other elements of the free pro nite monoid, with a somewhat more complicated de nition.
If p is a prime number and x 2 c A , then the sequence (x p n! ) n is convergent, and its limit is written x p ! 9]. (The sequence (x p n ) n does not converge, contrary to the author's assertion in 111].) Then one can verify that G p is described by the equality x p ! = 1 in the following sense: let S be a nite monoid, let s 2 S, let ': c A ! S be a continuous morphism, and let x 2 c A be such that '(x) = s; nally, let s p ! = '(x p ! ). One can verify that s p ! is in fact independent of the choice of ' and of the element x 2 ' ?1 (s). Moreover, a nite monoid S is a p-group if, for each s 2 S, we have s p ! = 1.
Similarly, for x; y 2 c A , let us write x; y] = x !?1 y !?1 xy. Then we let z 1 = x; y] and z n+1 = z n ; y]. The sequence (z n! ) n converges, and if we write x; ! y] for its limit, then the pseudovariety described by x; ! y] = 1 is that of the nite Engel groups, that is G nil 9]. A conjectural description of the pseudovariety of solvable groups in the same spirit is brie y discussed in 9, Ex. 2.7].
Pseudo-identities: Reiterman's theorem
The pseudovarieties discussed in Section 1.4 all admit a description by formal equalities between elements of free pro nite semigroups, much in the spirit of the equational description of varieties. This is a general fact, formalized by Reiterman's theorem. In fact, Reiterman's theorem is a little more precise, in that it describes the sub-pseudovarieties of a pseudovariety V by pseudo-identities which are formal equalities between elements of free pro-V semigroups, see 5]. Section 1.4 above provides a number of examples of sets of pseudo-identities describing classical pseudovarieties. For all these pseudovarieties, we had already seen descriptions according to Eilenberg and Sch utzenberger's Theorem (Theorem 1.1 above), by means of sequences of identities. One can verify that if V is ultimately de ned by a sequence of identities (u n = v n ) n , then V is de ned by the limit points of the sequence (u n = v n ) n , that is, by the pseudo-identities of the form u = v such that there exist 1 n 1 < n 2 < : : : with u = lim k u n k and v = lim k v n k . However, the usage of pseudo-identities provides a better grasp on the decidability, and even the algorithmic complexity, of the membership problem in the pseudovariety.
The description of pseudovarieties by means of sets of pseudo-identities raises the same questions that are usually considered for varieties, such as the existence of nite basis of pseudo-identities, or the deduction of a pseudo-identity from a given set of pseudo-identities. Almeida gave a characterization of the closed sets of pseudo-identities, i.e. the sets of pseudo-identities for which there exists a pseudovariety V such that is the class of all the pseudo-identities satis ed by all the elements of V 5]. We note that Reiterman's proof of Theorem 1.2 relies on the compactness properties of the free pro nite semigroup, and hence indirectly on Tikhonov's theorem and the axiom of choice. Higgins gave an algebraic proof of the same theorem, which does not rest on the usage of that axiom 47].
On the applications of relatively free pro nite semigroups
In a sense, the free pro-V semigroupF A (V) contains all the information about the A-generated elements of V, since it is the projective limit of these nite semigroups. Thus, any information we can get on the structure ofF A (V) can be translated into information on the A-generated elements of V.
One important result concretely connecting the free pro-V semigroups and the elements of V concerns the variety of languages associated with V, that is, the class of recognizable languages accepted by a semigroup in V 39 Most of the applications of the study of the free pro-V semigroups however deal with the structure of the lattice of sub-pseudovarieties of V and the decomposition of pseudovarieties by product operations like the Mal'cev or the semidirect product, the topic of Sections 4 and beyond. Before we can go on with these questions, we give a quick description of the structural properties of a few relatively free pro nite semigroups.
Calculation of certain relatively free pro nite semigroups
In this section, we describe the algebraic and topological structure ofF A (V) for certain pseudovarieties V. Proofs and details can be found, for the most part, in 5].
Say a pseudovariety V is locally nite if for each nite alphabet A, there is a bound on the cardinality of the A-generated elements of V. This is equivalent to saying that the free object on A in the variety generated by V is nite. In that case, topology does not play a useful role in the description of the nitely generated relatively free pro-V semigroups. Indeed, for each nite alphabet A,F A (V) = F A (V) is nite. It is well-known that every pseudovariety generated by a nite collection of semigroups is locally nite. An important example of such a pseudovariety is provided by semilattices, Sl = xy = yx; x 2 = x] ], which is generated by the multiplicative semigroup f0; 1g. Another example of a locally nite pseudovariety, for which the word problem is well-known 48] and which is not generated by a nite set of semigroups, is that of idempotent
Going back to semilattices, it is also well-known that the free semilattice over alphabet A F A (Sl) is isomorphic to the semigroup of non-empty subsets of A under union. In this case, the natural morphism from the free semigroup onto the free semilattice is called the (alphabetic) content morphism, written c, and it maps a word u to the set c(u) of letters occurring in u. We There exists a vast literature on the free pro-G monoids, and more generally on the free pro-H monoids when H is a pseudovariety of groups: it is not di cult to see thatF A (G) is in fact the free pro nite group, that is, the pro nite completion of the free group and not only of the free monoid. The study of pro nite groups arises in certain areas of number theory 41, 87, 38] . In Section 6 we give a short discussion of certain geometric properties of the free pro-H groups and their Cayley graphs, which play an interesting part in the computation of products involving H. Finally, let us mention that factorization results extending the reduced factorization which is classical in (discrete) free groups, can be found in 20]. Factorization results are also the main feature of the study of free pro-DS semigroups. The pseudovariety DS is the class of the nite semigroups in which every regular element sits in a group, or equivalently the class of nite semigroups in which every D-class is a subsemigroup 5, 61]. In spite of this technical de nition, DS is an important pseudovariety, in part because it is the nonregular analogue of the much studied class of completely regular pseudovarieties. Part of its interest stems also from the fact that we have a factorization theorem for the elements of the free pro-DS semigroups, due to Almeida and Azevedo 11, 5] . This factorization theorem, which we will presently discuss, is at the root of most of the complete structural descriptions of relatively free pro nite semigroups known to date, and of many join decomposition results.
In This factorization theorem is rather vague, as factorization theorems go: it claims no uniqueness of the decomposition and some of the factors, namely the regular ones, are incompletely characterized. But with these limitations, this theorem has led to a number of remarkable results.
The most striking, and inspiring, application of this factorization result is the elucidation of the structure of the free pro-J semigroups. Note that if V is a sub-pseudovariety of DS, it follows from the existence of the natural projection fromF A (DS) ontoF A (V) thatF A (V) too is generated by the letters in A and by its regular elements. But in a J -trivial semigroup, every D-class is a singleton, and every regular D-class consists of a single idempotent. ThusF A (J) has exactly as many idempotents as there are non-empty subsets of A, and it is generated by A and these 2 jAj ?1 idempotents. Moreover, Almeida showed that the resulting factorization can be put in a normal form which provides a uniqueness statement: every element x 2F A (J) can be written in a unique fashion in the form x = u 0 x 1 u 1 x k u k , where the x i are idempotent elements ofF A (J), the u i are words, possibly empty, the rst (resp. last) letter of a word in this factorization does not occur in the content of the preceding (resp. subsequent) idempotent factor, and if a word factor u i is empty (0 < i < k), then c(x i ) and c(x i+1 ) are -incomparable 5].
This unique factorization theorem forF A (J) has a number of interesting consequences. For instance, if we observe that an idempotent of content B A is equal to the !-power of any word of content B, we see thatF A (J) is nitely generated as a -algebra, and hence countable in contrast with most relatively free pro nite semigroups. In fact, Almeida showed that the variety ofalgebras generated by J has a nice nite basis of identities,F A (J) is the free A-generated -algebra in that variety, and it has a decidable word problem 5]. This result, long isolated, was to serve as the inspiration for some of the constructions reported in Section 7.2.
The structure ofF A (J) was also used to study certain sub-pseudovarieties of J, motivated by language-theoretic considerations such as the class of J -trivial semigroups which are also locally semilattices (Selmi 88] ). Finally, the factorization theorem for pro-J semigroups was the model for another complete description: that of the free pro-R semigroups, where R = (xy) ! x = (xy) ! ] ] is the pseudovariety of R-trivial semigroups. There the description of the elements uses certain arity ! products, and can be expressed in terms of ordinal words (Almeida and Weil 23] ).
Intermediate pseudovarieties between J and DS were also considered, with less precise factorization theorems, see in particular Azevedo's work on DO ( Even with such partial knowledge of the structure of the free pro-DS semigroups, it is possible to derive from the factorization theorem for the elements ofF A (DS) su cient information to compute certain joins of sub-pseudovarieties of DS which had until then resisted calculation, in particular the joins G _ Com = ZE computed by Almeida 2, 5] in answer to a question posed by Rhodes 81] , and R _ L (Almeida and Azevedo 10, 5] ). See also the computation of G _ (J \ Ecom) = DG\Ecom (Almeida and Weil 20, 21] ). The latter computation uses also the reduced factorization statement for the elements of the free pro nite group mentioned earlier, and it can be relativized to a pseudovariety of groups H, provided H satis es certain geometric properties 20, 21].
3 Pointlike subsets Let S be a nite semigroup and let V be a pseudovariety. A subset X of S is called a V-pointlike if for each relational morphism : S ! T with T 2 V, there exists an element t 2 T such that X ?1 (t). Recall that a relational morphism as above is a mapping from S into the non-empty subsets of T, such that for each s; s 0 2 S, we have (s) (s 0 ) (ss 0 ). Every relational morphism can be factored in the form = ' ?1 where ' and are morphisms into S and T respectively and ' is onto.
The question whether, given S and V, one can decide which subsets of S are V-pointlikes was the focus of a fair amount of the semigroup theory literature in the 1980s and the 1990s. Deep results give positive answers to this problem when V is the pseudovariety of groups (Ash 28]) or of aperiodic semigroups (Henckell 43] ), see 17, 44] . Even though this decidability question is not as central as it was, having been subsumed by more general questions which will be discussed in Section 7, the methods developed to tackle it have been an inspiration for the techniques which are the topic of this paper. As the pointlike question provides a relatively simple framework to present one of the central mechanisms of the application of pro nite semigroup theory to nite semigroup theory, we brie y sketch a proof of the following theorem 71]. First we introduce a useful piece of notation. With ', S and V as in the above statement, we denote by ' V the composite ' V = pr V ' ?1 and we call it the natural relational morphism from S intoF A (V).
Let us assume that X ' pr ?1 V (x) = ' ?1 V (x) for some element x 2F A (V), and let be a relational morphism from S into a semigroup T 2 V. Using the fact thatF A (V) is free pro-V, one veri es that there exists a continuous morphism :F A (V) ! T such that (s) ' V (s) for each s 2 S. It follows that X ?1 ( (x)).
The converse is more interesting. Let S 1 ; : : :; S k be the nite collection of the subsets of S of the form ' ?1 V (x) (x 2F A (V)). For each 1 i k, let X i = fx 2F A (V) j ' ?1 V (x) = S i g and let i be the syntactic congruence of X i ; that is, the least congruence onF A (V) such that X i is a union of classes (see 39, vol . A]). One can show easily that each X i is closed. As the X i form a partition of F A (V), each of them is in fact clopen. Now a compactness argument due to Hunter 49] implies that each i is a clopen congruence (a clopen subset ofF A (V) F A (V)), so that the quotient morphism Mal'cev products are a natural consideration in group theory. Indeed, if V and W are pseudovarieties of groups, a nite group G is in W m V if it an extension of a group in W by one in V. As it turns out, this operation on pseudovarieties is also very interesting for semigroups and monoids, and the computation of Mal'cev products poses challenging problems. It is a good exercise to compare the result of the application of Theorem 4.4 to the product N m Sl = J to the pseudo-identities de ning J, given in Section 1.4.
Semidirect products
Much attention has been paid to the semidirect product operation in the lattice Ps, in part due to the work on deciding complexity, which culminated in the submission of Rhodes' paper on solving this decision problem during the conference 78]. Deciding complexity is in fact deciding the membership problem in certain iterated semidirect products.
If S and T are semigroups, a left action of T on S is given by a morphism from T in the endomorphisms of S, written (t)(s) = t s. Such an action determines a semidirect product S T, which consists of the set S T and the semigroup law (s; t)(s 0 ; t 0 ) = (s + t s 0 ; tt 0 ). For clarity, the semigroup operation of T is written multiplicatively and the operation of S additively.
This operation is then extended to pseudovarieties: if V and W are pseudovarieties of semigroups, W V is de ned to be the pseudovariety generated by the S T (S 2 W, T 2 V). In the case where V and W are pseudovarieties of monoids, W V is the pseudovariety of monoids generated by the S T (S 2 W, T 2 V) where the action of T on S satis es 1 T s = s and t 0 S = 0 S for each s 2 S and t 2 T, with the obvious notation. It is well-known that this operation on pseudovarieties is associative 39, vol. B].
The wreath product of S and T, written S T, is the particular semidirect product S T Theorem 5.1 Every nite semigroup S divides a wreath product of simple groups dividing S and copies of the 3-element monoid U 2 = f1; a; bg where ax = a and bx = b for each x.
As the wreath product is associative, a wreath product of groups is a group, and a wreath product of copies of U 2 is aperiodic, it follows that every nite semigroup sits in some iterated semidirect product of the pseudovarieties A and G. More precisely, let C 0 = A and for each n 0, let C n+1 = A G C n . The least n such that a given semigroup S lies in C n is called the (group) complexity of S. This complexity measures the least number of groups needed in a semidirect decomposition of S up to division. Complexity 0 consists of the aperiodic semigroups, a clearly decidable pseudovariety. It has been known for a long time 79] that the hierarchy of the C n is in nite, that is, C n is properly contained in C n+1 for each n. The decidability of the group complexity has been an open problem for more than thirty years, and much of the modern theory of nite semigroups was developed in relation with the solution of this problem. As we already mentioned, a solution to this problem was submitted by Rhodes 78] .
Much work has gone in the past twenty years into the computation of semidirect products of pseudovarieties, apart from the case of products involving the pseudovarieties A and G. In this section, we present the contributions of pro nite methods to this e ort. A, which is usually not nite, but always a pro nite set (i.e. a compact and totally disconnected topological space, but also one that can be seen as the projective limit of a collection of nite sets). Free pro-W semigroups over pro nite sets of generators can be de ned in a natural way, to make this statement completely rigorous. We refer the reader to 22] for the details.
The free object approach
A comparable result for varieties of groups can be found in H. Neumann (even if B is a pro nite set), the rst component of (a 1 a n ) (a 1 ; : : :; a n 2 A) is (1; a 1 )(a 1 ; a 2 ) (a 1 a n?1 ; a n )
where the rst coordinates of each pair are taken inF A (V) If u = a 1 a n is a nite word on alphabet A, then (u) = (P; u) where the second component is the value of u inF A (V) and P is the set of edges of the path labeled u and starting at vertex is the value of x in V and P is a set of edges of ? A (V) which can be seen as a path from 1 to x] V . The characterization of the sets P of edges of ? A (V) which may arise as the rst coordinate of (x) for some x 2F A (Sl V) given in 22] contains a mistake, which was xed by Rhodes and u t
The case of products of the form V H, where H is a pseudovariety of groups is discussed in Section 6 below. Theorem 5.4 was also used by Costa to study the structure of the free pro-LSl semigroup, since it is well-known that LSl = Sl D 33]. The free pro-D semigroups are algebraically rather simple (see Section 2), but the geometry of their pro nite Cayley graphs turns out to be very challenging. Costa was able to show, for instance, thatF A (LSl) is uncountably high and uncountably wide, that is, it has uncountable ascending chains and uncountable antichains for the J -order. Costa's results are among the few structure theorems for free pro-V semigroups when V is not contained in DS.
The categorical approach
Another very successful approach in handling semidirect product is based on the use of categories and semigroupoids. Pioneering work in this direction can be found in the papers of Margolis and Pin 57], Straubing 99] or Th erien and Weiss 106] but the proper concepts were nally set by Tilson 107] .
Here, we consider categories as algebraic objects generalizing monoids: a category is a graph C equipped with an associative partial product operation on its edge set. Two edges can be multiplied if and only if they are consecutive, and if x 2 C(u; v) (i.e. x is an edge of C from vertex u to vertex v) and y 2 C(v; w), then xy 2 C(u; w). Traditionally, category theorists talk of objects instead of vertices and of morphisms instead of edges. Associativity is required wherever it makes sense.
Finally, one requires that for each vertex u, the semigroup C(u; u) has a local identity, that is, there exists an edge 1 u 2 C(u; u) such that 1 u x = x (resp. x1 u = x) for each x 2 C(u; v) (resp. The advent of Tilson's theorem made it clear to semigroup theorists that the study of nite semigroups and monoids now must include the study of pseudovarieties of categories and semigroupoids. However, some more work is involved in order to turn Theorem 5.6 into a technique to compute semidirect products, as in Theorem 5.7 below.
If V is a pseudovariety of semigroups, then the class of nite semigroupoids which divide a semigroup in V forms a pseudovariety of semigroupoids, called the global of V and written gV. In view of Theorem 5.6, globals of pseudovarieties of semigroups are especially important to describe semidirect products.
A version of Reiterman's theorem exists for pseudovarieties of categories and semigroupoids, developed by Almeida and Weil 24] , and independently by Jones 50] : every pseudovariety of semigroupoids is de ned by a set of pseudo-identities, that is, by pairs of coterminal edges of nitely generated free pro nite semigroupoids. To be more precise: if ? is a nite graph, we let ? Before we give, in Theorem 5.7 below, a precise statement on using such pseudo-identities in conjunction with Theorem 5.6 to compute semidirect products, let us brie y digress on the subject of the pseudovarieties of the form gV (when V is a pseudovariety of semigroups), which are a crucial ingredient in semidirect product computations.
In general, it is quite di cult to nd pseudo-identities for gV even when V is seemingly wellknown, as exampli ed by the non-trivial proofs of the results on gJ and gCom given above. Both these pseudovarieties have vertex rank 2, i.e., they have a de ning set of pseudo-identities involving only graphs with at most 2 vertices. This means that a semigroupoid is in gJ (resp. gCom) if 
Pseudo-identities for semidirect products
Let us now go back to the description of a de ning set of pseudo-identities for the semidirect product of pseudovarieties of semigroups or monoids. We need the following de nition. Let ? be a nite graph with vertex set V (?) and edge set E(?) (always assumed to be disjoint sets), and let S be a semigroup. An S-labeling of ? is a mapping from V (?) E(?) into S Proving that the kernel of a nite semigroup is computable, and even e ciently computable, concentrated a fair amount of the research e orts in algebraic semigroup theory throughout the 1980s and the early 1990s, until the problem was solved by Ash 28] .
Tilson noticed early on (see 44] for a survey) that K G (S) contains the idempotents of S, and that if s 2 K G (S) and yxy = y in S, then xsy and ysx lie in K G (S) as well. We say that K G (S) is closed under weak conjugation. Rhodes conjectured (the so-called type II conjecture) that this observation su ces to describe all the elements of the kernel, that is, K G (S) is the least subsemigroup of S closed under weak conjugation. This easily implies the decidability of the kernel.
Ash's deep result 28] con rmed this conjecture. As we will discuss later (see Section 7), Ash's result implies in fact stronger properties of the pseudovariety G. We may have the equality V m G = V G even when V is not local. This is the case in particular when V = J, as was nally proved by Henckell and Rhodes 45, 44] in a famous result: J m G = J G = EJ = BG = PG; where BG denotes the pseudovariety of semigroups in which no distinct idempotents are R-or L-equivalent, and PG denotes the pseudovariety generated by the power sets of nite groups (see 64] for a survey).
Ash's proof of the type II conjecture did not make explicit use of pro nite objects or topology. However, before Rhodes' conjecture was proved, two related conjectures were proposed by Pin 62, 63] and Pin and Reutenauer 69], whose statements were entirely concerned with the properties of the pro-G topology of the free semigroup and the free group and whose con rmation would prove Rhodes' conjecture. We refer the reader to 44] for a detailed account of the history of partial results on these conjectures, and to 44] and 96] for a discussion of the relation between these conjectures.
To be more precise, Pin showed that an element s of a nite semigroup S lies in K G (S) if and only if the empty word lies in the topological closure of an explicitly computable recognizable language L s , with respect to the pro-G topology on the free monoid 63]. The rst conjecture of Pin then proposed an algorithm to compute the topological closure of a given recognizable language in the pro-G topology on the free monoid.
The second conjecture, of Pin and Reutenauer, had to do with a simple algorithm to compute the topological closure of a rational subset of a free group with respect to the pro-G topology. Its technical statement, now a theorem, centers on the di cult part of the justi cation of this algorithm. Theorem 6.3 Let FG(A) be a nitely generated free group, and let H 1 ,. . . , H n be nitely generated subgroups of FG(A). Then the product H 1 H 2 H n is a closed subset of FG(A).
It is especially interesting to note that this second conjecture, with its appealingly simple statement, was proved directly by Ribes and Zalesski , independently of Ash's work and at approximatively the same time 82]. Their methods were seemingly very di erent 2 , drawing on the theory of pro nite graphs and groups and exploiting the geometric properties of the pro nite Cayley graph ? A (G): even though, seen as a discrete graph, it is simply an uncountable disjoint union of copies of the Cayley graph of the free group FG(A), its topology makes it possible to uniquely de ne \geodesics" between any two vertices, and gives the whole graph tree-like properties.
More recently, Herwig and Lascar gave a new proof of Theorem 6.3 based on model-theoretic arguments 46]. Coulbois then extended that proof and showed that the collection of groups in which the product of nitely generated subgroups is closed in the pro nite topology, is closed under free product 35, 36] , illuminating the fact that this property of groups can be seen as a strengthening of the LERF property.
The geometric ideas mentioned above gave rise to a number of developments, notably concerning the relativization of Rhodes' conjecture to other pseudovarieties of groups. Following work by Gildenhuys and Ribes 42], Almeida and Weil characterized the pseudovarieties of groups H such that the pro nite Cayley graph ofF A (H) is a pro nite tree, which they termed arborescent pseudovarieties: they are exactly the pseudovarieties H such that if G=N 2 H and N 2 H \ Ab, then G 2 H 20, 21]. In particular, every extension-closed pseudovariety is arborescent. Moreover the same authors gave a reduced factorization statement for the nitely generated free pro-H groups when H is arborescent, and used it to compute certain joins of pseudovarieties of monoids.
Many of the de nitions and results given above can be relativized to a pseudovariety of groups H instead of G. For instance, the H-kernel of a semigroup S, written K H (S), is de ned by K H (S) = ' ?1 H (1). Again, this subsemigroup of S (which contains K G (S)) is the intersection of all the ?1 (1) where is a relational morphism from S into a group in H and, if V is a pseudovariety, then S 2 V m H if and only if K H (S) 2 V 44].
In particular, the decidability of V m H depends on the decidability of V and the computability of H-kernels. To summarize recent work on this question, we will simply indicate here that Ribes and Zalesski proved an analogue of Theorem 6.3 for nitely generated closed subgroups with respect to the pro-H topology when H is extension-closed 83], and that Steinberg extended that result for the product of 2 closed subgroups when H is only supposed to be arborescent 96].
Ribes and Zalesski showed also that one can compute the pro-G p closure of a nitely generated subgroup of the free group, and combined these results to show that the G p -kernel of a nite monoid is e ectively 
Hyperdecidability and tameness
We now go back to Theorem 5.7 , and to what knowledge is required on pseudovarieties V and W (or at least, is su cient) to be able to use that theorem to e ectively decide membership in W V. The next step is to abstract out the pseudovariety W (or rather gW) in the analysis, that is, to express a relevant condition on V without making reference to the basis of pseudo-identities : we say that V is hyperdecidable if, given a nite semigroup S, a nite graph ? and an S-labeling of ?, one can decide whether that labeling is V-inevitable, that is, one can decide whether Eq(?; ) has a solution inF A (V). This concept was rst introduced by Almeida 7] with a de nition in terms of the collection of the relational morphisms from S into the elements of V, equivalent to that given
Hyperdecidability is a strong property for a pseudovariety V, since it implies not only the decidability of the membership problem in V, but also the decidability of the V-pointlikes 7]. The latter decidability property is sometimes called strong decidability in the literature. To see how it is implied by hyperdecidability, it su ces to consider two-vertex, n-edge graphs as follows. This theorem naturally led to the search for hyperdecidable pseudovarieties. In 7], Almeida observes that locally nite pseudovarieties are hyperdecidable provided they are order-computable, that is, they are decidable and there exists a computable function f such that the free object on n generators has at most f(n) elements. In the same paper, Almeida also discusses hyperdecidability for pseudovarieties of groups, in relation with certain elements of Ash's proof of the Rhodes con- 
Weakly -reducible pseudovarieties
It is di cult to show that a pseudovariety is hyperdecidable. A summary way of expressing the di culty at hand is to say that, in general,F A (V) is too complex, too \big", for us to be able to e ectively solve the systems of the form Eq(?; ) in it.
If is a set of implicit operations (that is, a set of elements of nitely generated free pro nite semigroups) containing the semigroup multiplication (the explicit operation ab over the 2-letter alphabet fa; bg), we can look at each semigroup as a -algebra. We call such a set an implicit signature, and for each nite alphabet A, we may consider the free -algebra over A in the variety of -algebras generated by the elements of V, which we write F A (V).
If consists only in the semigroup multiplication, or more generally, if is a set of explicit operations, we get F A (V) = F A (V), the semigroup of explicit operations. At the other extreme, if contains all A-ary implicit operations, then F A (V) =F A (V). In any case, F A (V) is the sub--algebra ofF A (V) generated by A.
The situation is most interesting when we consider intermediate signatures, say when contains non-explicit operations, yet is nite, or nitely describable; for instance, the implicit signature = fab; a !?1 g, which we already encountered in Section 1.4. Then F A (V) is countable and we can discuss such questions as the word problem in that -algebra, the identity problem, etc. If the elements of are computable, the setting is appropriate for the discussion of decidability questions.
The idea followed by Almeida and Steinberg 18] is to require more than hyperdecidability of the pseudovariety V, in order to make solving systems of equations of the form Eq(?; ) more e ective:
in fact, to make it su cient to solve them in F A (V) rather than inF A (V) for a well-chosen implicit signature , in particular one for which solving such systems can be done e ectively.
If S is a nite semigroup, ? is a nite graph and is an S-labeling of ?, recall that is V- 
-reducible pseudovarieties
Weak -reducibility is useful to prove hyperdecidability, and hence to handle semidirect products, yet it is not enough if we want to decide membership in iterated semidirect products | which is what is needed to decide the group complexity of a nite semigroup. Almeida and Steinberg introduced even stronger properties of a pseudovariety to solve this problem 18].
The rst of these notions is a subtle shift from weak -reducibility, motivated by e ectivity considerations. Let S be a nite semigroup and let ': A + ! S be an onto morphism. We consider a variant of the natural relational morphism ' V = pr V ' ?1 from S intoF A (V) as follows: ' ;V is the relational morphism from S into F A (V) whose graph is the sub--algebra of S F A (V) generated by the pairs ('(a); a) (a 2 A). It is immediate that for each s 2 S, ' ;V (s) is contained in ' V (s) \ F A (V).
The de nition of a -reducible pseudovariety is the same as that of a weakly -reducible one, A rst use of this de nition is to simplify the de ning set of identities for W V given by Theorem 5.7, when V is -reducible. Theorem 7.3 Let V and W be pseudovarieties of semigroups, let be an implicit signature such that V is -reducible, and let be a de ning set of pseudo-identities for gW. Then Examples of -reducible pseudovarieties are brie y discussed in Section 7.5 below. For now, let us note the following necessary condition for a pseudovariety to be -reducible. A pseudovariety V is said to be -equational if it can be de ned by a set of pseudo-identities involving elements of the free -algebras F A (S), that is, pseudo-identities built up from the letters and the operations in . Almeida and Steinberg 18] show the following result.
Proposition 7.4 Let V be a pseudovariety and let be an implicit signature. If V is -reducible, then V is -equational.
It is immediate that G is -equational, but one can verify that G p is not -equational. Therefore G p is not -reducible, even though it is weakly -reducible. Almeida and Volkov showed that Ab (the class of semigroups in which every subgroup is abelian) is not -equational, and hence it is not -reducible 19] . Note that G is also trivially -equational, where = fab; a ! g; however G is not -reducible 17], proving that the converse of Proposition 7.4 does not hold.
Tame pseudovarieties
These de nitions and results nally led Almeida and Steinberg to the following concept 17, 18]: a pseudovariety V is tame if it behaves nicely, in the sense of the properties discussed above, with respect to a reasonable implicit signature . To be more precise, V is said to be tame if V is recursively enumerable and there exists a highly computable implicit signature such that V is -reducible and F A (V) has a decidable word problem for each nite alphabet A. In that case, we sometimes say that V is -tame.
It is probably clear to the reader that being tame is a very strong property of a pseudovariety. In particular, it implies hyperdecidability 18, Thm 4.7]. Proposition 7.5 Every tame pseudovariety is hyperdecidable.
Let us brie y sketch the proof of this result, as it is an opportunity to discuss decidability issues and e ectivity vs. e ciency. The object of the proof is to show that, given a nite graph ?, a 1 and 4.1) . Thus, if is not V-inevitable, then this semi-algorithm will eventually exhibit a counter-example to V-inevitability, that is, it will produce an element V in V such that there is no consistent V -labeling of ? which can be associated with .
The second semi-algorithm runs through the possible F A (S)-labelings of ? (using the fact that is countable), such that pr V is consistent (using the fact that the word problem is decidable in F A (V)). For each such labeling, the semi-algorithm veri es whether pr V is contained in ' ;V .
This veri cation can be performed in nite time, again using the decidability of the word problem in F A (V). Since V is -reducible, this semi-algorithm will, if is V-inevitable, eventually exhibit a consistent F A (V)-labeling of ? ' ;V -associated with .
Even though this argument is su cient to establish the decidability of the V-inevitability of a labeling of a nite graph, it is immediately apparent that the decision algorithm thus described is not computationally satisfying: this is a theoretical algorithm, in the sense that it is totally impractical. As is argued in 18, 17] , it is likely that practical algorithms, for speci c values of V, will have to make use of the properties of V.
The main result regarding tameness with regard to the semidirect product, and the justi cation for the introduction of this notion, is the following theorem due to Almeida and Steinberg 18, Thm 5.10] (see also 17]).
We say that a pseudovariety is recursively de nable if there is a recursively enumerable list of computable pseudo-identities de ning it. Theorem 7.6 If V 1 ; : : :; V n are recursively enumerable pseudovarieties, if gV 1 is recursively denable, and if V 2 ; : : :; V n are tame, then the pseudovariety V 1 V 2 V n is decidable.
Again, the decidability established by this theorem is theoretical in the same sense as the proof of Proposition 7.5 above.
Examples and applications
A number of important pseudovarieties are known to be -tame. The case of the pseudovariety G, which is tame, is discussed by Almeida and Steinberg 18] .
That this pseudovariety is recursively enumerable and -de nable is trivial. The word problem in F A (G) is well-known to be decidable, as this -algebra is the free group over A. Not all tame pseudovarieties are -tame. As we saw in Section 7.3, the pseudovariety G p is not -reducible, so that it is not -tame, even though it is weakly -reducible and the -algebra F A (G p ) has decidable word problem, being isomorphic to the free group on A. Nevertheless, Almeida showed that G p is -tame for a well-crafted highly computable signature 9]. 8 In lieu of conclusion
The join operation One particularly important operation on the lattice Ps is hardly mentioned in this survey, namely the join operation. In fact, a number of early results obtained by pro nite methods dealt with the computation of joins such as R_L (Almeida and Azevedo 10] ) and G_Com (Almeida 2] ). Both these joins turn out to have a nice, nite basis of pseudo-identities. It is known however that there exist decidable, nitely based pseudovarieties whose join is not decidable (Albert, Baldinger and Elements of a general method for handling joins have started emerging (Steinberg 89, 90, 93] ). Extensions are explored by Rhodes and Steinberg 84] , applying the concept of semigroup expansion rst introduced by Birget and Rhodes 30] to pro nite semigroups. More speci cally, the authors of that paper extend to the pro nite realm the general expansion techniques invented by Elston 40] . The resulting theorems are quite general, and constitute a common generalization of the techniques presented above for the Mal'cev product and the semidirect product, which can also be applied to discuss joins.
The two-sided product
The two-sided semidirect product of semigroups and pseudovarieties was introduced by Rhodes and Tilson 85] as an alternative to the use of the semidirect product: this more powerful product yields right-left symmetrical decomposition results which are useful in certain cases 85, 86] . An analogue of the derived semigroupoid of a relational morphism, called the kernel, was de ned by the same authors, and the results in Section 5 have natural counterparts for two-sided products, as was veri ed by Almeida and Weil 22, 24] .
Ordered semigroups
Interest has emerged recently for classes of nite ordered semigroups and monoids (that is, where the order relation is compatible with the product operation), due to the connections with formal language theory rst established by Pin 65, 66] . The basis for the use of pro nite methods (pseudovarieties, pseudo-identities, etc. Regarding Mal'cev products, Pin and Weil considered Mal'cev decomposition of pseudovarieties of ordered semigroups in the same paper which forms the basis of Section 4 above 71]. They consider pseudovarieties of ordered semigroups (resp. monoids) of the form W m V where W is a pseudovariety of ordered semigroups and V is a pseudovariety of unordered semigroups (resp. monoids).
For the semidirect product, the main techniques described in Section 5 can be adapted to the ordered case without major di culty (Pin, Pinguet and Weil 74, 68] and 75] for some applications to language theory). 
